In case of a Cobb-Douglas production function, the feasible estimation of return to scale is restricted both by the type of output growth and by the type of collinearity which occur during the estimation process. In this context, it is defined the indicator "Reference value of returns to scale" in order to surpass difficulties generated especially by harmful collinearity. Having in mind the above-mentioned indicator, it is proposed an analysis methodology in order to emphasize the role of proper elasticities of the output related to production factors, on the one hand, and the impact of type of collinearity in obtaining the estimated returns to scale, on the other hand. The proposed analysis methodology is practically used by considering statistical data related to a bidecennial cycle of Romania's economy evolution.
Introduction
In the framework of economic theory, "returns to scale" is one of the most used concepts. The respective concept defines the relative change of the output related to the relative increases of the allocated quantities from considered production factors in the context of a long run vision on economic activity. Therefore, the respective production factors are variable and consequently the changes in the allocation of respective production factors may give different effects on the changes of the output. Under these conditions, we may speak about three cases of returns to scale, respectively: a) decreasing returns to scale, b) constant returns to scale, c) increasing returns to scale.
In case of decreasing returns to scale, the relative increase of the output is smaller than the relative increase of the allocated quantities from considered production factors.
In case of constant return to scale, the relative increase of the output is equal with the relative increase of the allocated quantities from considered production factors.
In case of increasing returns to scale, the relative increase of the output is bigger than the relative increase of the allocated quantities from considered production factors.
The returns to scale are usually defined in relationship with a production function. If we consider a production function with n production factors (F(X k ) (k=1….n) ), the above-mentioned cases of returns to scale may be written such as:
In case of decreasing returns to scale, we have: F(mX k ) <m*F(X k ) In case of constant returns to scale, we have: F(mX k ) =m*F(X k ) In case of increasing returns to scale, we have: F(mX k ) >m*F(X k )
The returns to scale in conditions of Cobb-Douglas production function
In many papers dealing with the problem of returns to scale, the Cobb-Douglas production function is frequently used, due to its qualities † . The form of Cobb-Douglas production function in general case, with n production factors, respectively (FCD(X k ) n ), may be written as:
where: lnY= natural logarithm of the output index lnA n = natural logarithm of residual factor (integration constant) α nk = output elasticity related to production factor X k lnX k = natural logarithm of production factor X k index Most frequently, when Cobb-Douglas production function is built, there are considered only the two main production factors, the labour and fixed capital, respectively. But, depending on the analytical needs or availability of statistical data, the number of production factors can be extended.
The computation of the returns to scale means to multiply all the allocated quantities from each production factors by a coefficient m which is bigger than one. Consequently, we are able to obtain FCD (mX k ), which may be written:
(2), equivalent with:
Because natural logarithm of the expression may be written as: † Among the qualities of respective production function, it is to be mentioned: a) the easiness of its parameters estimation and interpretation, b) the concordance between theoretical assumptions related to respective concept and requirements which are needed from practical point of view, such as feasible quantification of the volume of allocated production factors, or output dependence on all the considered production factors (N. P. Federenko, L.N. Kantorovici, 1979) .
(4) the features of the returns to scale are determinated by the size of the sum of the elasticities of the output related to each production factor (SumEL). In other words, the conditions for the occurrence of the three cases of returns to scale are: decreasing returns to scale if:SumEL<1, constant return to scale if: SumEL=1 increasing return to scale if: SumEL>1 Each of the cases of returns to scale mentioned -above has some particular features. In case of decreasing returns to scale, the elasticity of output related to each considered production factor is smaller than one.
The case of constant returns to scale needs a special attention from a methodological point of view. We may distinguish two situations of constant returns to scale.
A first situation is when the constant returns to scale are imposed from theoretical assumptions. This is the case of the initial form of Cobb-Douglas production function presented in 1928. Having in view the assumptions of perfect competition and Euler formula it may be admitted that the output elasticities represents the share of each input in total costs or the value of output (Z. Griliches, V. Ringstat, 1971) .
But, on the other hand, if we impose that the sum of output elasticities related to production factors to be equal with one, it is possible to estimate a labour productivity function because we may write:
Where: lnL= natural logarithm of labour (employed population) index. If we consider the notation ln(Y/L) as natural logarithm of productivity of labour, the expression (6) is equivalent with:
The second situation of constant returns to scale occurs when the sum of unrestricted elasticities of output related to each production factors is strictly equal with one. Evidently, in this case, each output elasticity related to considered production factor is positive and smaller than one.
In case of increasing returns to scale, we may distinguish at least a number of three situations (P. Fuleky, 2006) , respectively: 1) each of the output elasticities is positive and smaller than one but their sum is greater than one.
2) each of the output elasticities is equal with one 3) each of the output elasticities is greater than one. It is to note that increasing returns to scale may be also obtained if at least one of the output elasticity is equal or greater than one.
At a first sight, the greater are the number of considered production factors, the greater is the probability to obtain increasing returns to scale. But when the estimations are made, the colllinearity between the production factors may determine some distortions in the values of the elasticities and consequently on the values of returns to scale. Under these conditions, it is useful to explore the impact of some algebraical properties of the OLS method, which is most frequently used for estimation of the parameters of Cobb-Douglas production function.
Some algebraical properties of Cobb-Douglas production function estimated parameters
Usually, the ordinary least square method (OLS) is used for the estimation of the Cobb-Douglas production function parameters. Under these conditions, if we consider algebraical properties of the respective method demonstrated in (F.M. Pavelescu, 2005) , the estimated parameters of a Cobb-Douglas production function can be written as: where:α 1k =estimated proper elasticity of output related to production factor X k , which is obtained in case of simple regression , respectively T nk = coefficient of alignment to collinearity hazard. α 1k =D(lnY)/(D (lnX k ))*R(lnY;lnX k ) (10) where: D(lnY)= standard deviation of natural logarithms of output indices. D(lnX k )= standard deviation of natural logarithms of production factor X k indices. R(lnX k ;lnY) = Pearson coefficient of correlation between natural logarithm of index of production factorX k and natural logarithm of index of output.
T nk =det (R j1 , R j2 , R jk-1 , r jk , R jk+1 R jn )/det(R jk ) n j = 1...n, (11) where: det(R jk ) n = determinant of matrix of Pearson coefficient of correlation between natural logarithm of production factors X j and X k indices r r jk =R(lnXj;lnY)/R(lnX k ;lnY) (12) where: R(lnX j ; lnY) = Pearson coefficient of correlationbetween natural logarithms of production factor X j indices and natural logarithms of output indices.
Impact of the properties of OLS on the feasibility of returns to scale estimation
The fact that, in case of a Cobb-Douglas production function, the estimated elasticities of output related to production factors is a product between two components makes necessary a detailed analysis of the respective components. This way, it is possible to identify "statistical illusions" and to prevent misinterpretations.
Regarding the estimated values of proper elasticities of output related to production factors X k , it is important to have in mind that the expression (11) can be also written as:
,
, where: D(ln(Y/X k ))= standard deviation of natural logarithms of productivity of production factor X k indices R(lnX k ; ln(Y/X k )) = Pearson coefficient of correlationbetween natural logarithms of production factor X k indices and natural logarithms of productivity of production factor X k indices.
According to computation formula (14), we may define the parameter λ 1k , as the proper elasticity of productivity of factor X k related to the respective production factor.
On the other hand, it is important to stress that the estimated values of proper elasticities of output related to production factors and their significance are sensibly influenced by the size of representative index of the output.
Consequently, it is possible to identify a number of six possible cases of proper elasticities which reveal the correlations between the dynamics of output, allocation of considered production factors and their productivity (F. M. Pavelescu, 2011) . It is possible to occur three cases for situations of economic growth (Y R >1) and three cases for situations of economic decrease (Y R <1). ‡ The representative index was defined in F.M. Pavelescu (1986) as the geometrical mean of the index with fixed base of the observed variable, output or production factor Xk in our case. If an economic growth is observed (Y R >1) the three cases are: Case A, characterized by Y R >1 and α 1k >1, when an economic growth is registered, in the context of an increase of allocated quantity from production factor X k and an increase of productivity of respective production factor. Case B, characterized by Y R >1 and 0<α 1k <1, when an economic growth is registered, in the context of an increase of allocated quantity from production factor X k and a decrease of productivity of respective production factor. Case C, characterized by Y R >1 and α 1k <0, when an economic growth is registered, in the context of a decrease of allocated quantity from production factor X k and an increase of productivity of respective production factor.
If an economic decrease is observed (Y R <1) the three cases are: Case D, characterized by Y R <1 and α 1k >1, when an economic decrease is registered, in the context of a slow decrease of allocated quantity from production factor X k and a decrease of productivity of respective production factor.
Case E characterized by Y R <1 and 0<α 1k <1, when an economic decrease is registered, in thee context of a rapid decrease of allocated quantity from production factor X k and an increase of productivity of respective production factor. Case F, characterized by Y R <1 and α 1k <0, when an economic decrease is registered, in the context of an increase of allocated quantity from production factor X k and a decrease of productivity of respective production factor.
Regarding the coefficients of alignment to collinearity hazard it is to note that in (F.M. Pavelescu, 2010) it was shown that negative values of respective indicators reveals the occurrence of a harmful collinearity, i.e. the contrary sign of estimated parameter in comparison with the sign of the Pearson coefficient of correlation between logarithms of output indices and the logarithms of analyzed production factor indices. Also, it was proposed a rule of thumb for the significance of positive coefficients of alignment to collinearity hazard § . The review of algebraical properties of estimated returns to scale in case of a Cobb-Douglas production function shows that the computation of the above-mentioned indicator may leads to feasible results only when the output growth is obtained in conditions of an increase of allocated quantities for all of the production factors and when is avoided the occurrence of the harmful collinearity. Also, it is important to consider the requirements of classical statistical tests such as coefficient of determination, Fisher test or Student test.
The occurrence of at least one negative sign of the estimated elasticities of output related to production factors creates great difficulties in the computation of scale returns, because the respective concept is built in an additive vision. Under these situations, we are not able to deal with feasible estimations regarding the impact of production factors allocation increase on the output dynamics. Therefore, we have to distinguish between the negative estimated elasticities of output related to production factors generated by the divergent dynamics of output and analyzed production factors, on the one hand, and the negative estimated elasticities of output determinated by harmful collinearity. Also, it is important to have in mind that a positive estimated elasticity of output obtained in the context of a combination between a negative proper elasticity and a harmful collinearity could not be considered as a feasible one. § Therefore, if all the coefficients of alignment to collinearity hazard are positive, but at least one is smaller than 0.5, we are in case of degrading collinearity § . If all the coefficients of alignment to collinearity hazard are comprised between 0.5 and 1, we are in case of weak collinearity. If all the coefficients of alignment to collinearity hazard are positive and at least one of them is greater than one, we may speak about a situation of anticollinearity in the analyzed regression equation. It is to note that anticollinearity related to two production factors may be coupled to a degrading or weak collinearity related to the other production factors.
A proposal for an analysis model of the estimated returns to scale in case of a Cobb-Douglas type production function
As one may remark from the formula (11), the coefficient of alignment to collinearity hazard is determinated by Pearson coefficients of correlation between the logarithms of production factors indices, on one hand, and by Pearson coefficients of correlation between logarithms of each production factor and the output indices, on the other hand. A special situation is when all the Pearson coefficients of correlation between the logarithms of production factors indices are equal with one. In this context, we may speak about a situation of perfect collinearity.
If we deal with a perfect collinearity, we have for each coefficient of alignment to collinearity hazard:
We may observe that in case of perfect collinearity the returns to scale are equal with the arithmetical mean of proper elasticities of output related to considered production factors.
Under these conditions, we may define the respective arithmetical mean as SumT nk = sum of coefficients of alignment to collinearity hazard g α1k = the share of proper elasticity of output related to production factor X k in the sum of proper elasticities.
g Tnk = the share of coefficient of alignment to collinearity hazard related to production factor X k in the sum of the coefficients of alignment to collinearity hazard. cov (g α1k ; g Tnk )= covariance between g α1k and g Tnk. Formula (16) reveals the fact that departures of the returns to scale estimated values from their reference values is determinated by the intensity of collinearity, highlighted by the sum of coefficients of alignment to collinearity hazard and by the convergence or divergence between the distribution of proper output elasticities and the coefficients of alignment to collinearity hazard, highlighted by cov (g α1k ; g Tnk ).
As a rule, in the context of weak or degrading collinearity, SumT nk >1
2) RS/RS ref >1, determinated by SumT nk >1, and cov (g α1k ; g Tnk )<0. This is the case when the coefficients of alignment to collinearity hazard are relatively weakly orientated towards conventionally substituting production factors.
3) RS/RS ref <1, determinated by SumT nk >1, and cov (g α1k ; g Tnk )<0. This is the case when the coefficients of alignment to collinearity hazard are relatively strongly orientated towards conventionally substituting production factors.
A numerical example. Estimation of returns to scale for Romania's economy during 1960-1979.
The practical use of analysis methodology proposed for estimated returns to scale in the context of a CobbDouglas production function is applied in case of Romania's economy during the period 1960-1979. The mentioned -above period may be considered as a bi-decennial cycle of Romania's economy evolution ‡ ‡ , which is characterized by a rapid industrialization undertaken with the methods of command economy. The milestones of respective economic cycle are the beginning of a continuous decrease of employed population in agriculture during the year 1960 and the second oil shock of 1979.
Considering the data from the Romania's Yearbook related to national income, employed population and fixed assets dynamics, we have estimated the following econometrical equations: lnY= 0. The highlighting of modeling factors of estimated returns to scale shows that during the analyzed period the productivity of both considered production factors has experienced an increase. Also, a very strong process of substitution of labour by fixed assets was registered. Consequently, the reference value of returns to scale is bigger than 10.00.
Pearson coefficient of correlation between natural logarithms of indices of the two considered production factors is very high, i.e. 0.995099. Practically, we are near the case of perfect collinearity. Therefore, the coefficients of alignment to collinearity hazard are polarized and their sum is barely bigger than 1, being 1.001041 respectively. ‡ ‡ The identification of different types of cycles of Romania 's economy and their brief characterization is made in F. M. Pavelescu (2013) .
Because substituting production factor, i.e. fixed assets, represents the main factor of the two explanatory variables linear regression mentioned above § § , the estimated returns to scale is significantly smaller than its reference value.
